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Introduction

In this poster, we briefly discuss the notion of a p-valuation on a p-adic Lie
group, and recall the Moy-Prasad filtration groups G(F'), - for G a reductive
group over a finite extension F/Q,, where x is a point in the Bruhat-Tits build-
ing of G. We show that, given p > 2 and a mild condition on a maximal torus
of G, the associated filtration on (G-}(F)%%Jr s always a saturated p-valuation,

which allows one to compute its Lazard Lie Fj|P|-algebra gr G(F) In
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particular, if p is sufficiently large, this endows the pro-p Iwahori subgroup of
G(F) with a saturated p-valuation, showing it is p-torsion-free. This general-
izes work done in [4] on the split case and [/] on the semisimple case, and

generalizes the Lie algebra computations done in [1].

Generalities on p-valuations

The following definitions involving p-valuations and their Lie algebras can be
found in [5].

Let G be a pro-p group. A p-valuation on G is a functionw : G\ {1} — (0, 00)
satistying for any g, h € G:

L. w(g) > 5ot
2. w(g~th) > min{w(g), w(h)},
3. w(lg, h]) > wl(g) +w(h),

We write Gy, = {9 € G|w(g) > v} and Gyt = {g € G|w(g) > v}.

Given a p-valued pro-p group (G, w), one constructs an F,| P|-Lie algebra

a1 G = D Go/Gur,

v>(0
where P acts via

P(gGu+) = 9pG(v+1)+ = G?H—l/G(U—l—l)—l—'

We say that (G, w) is saturated if
p

w(g) > S — g = h¥ forsome h € G.
p —_
If (G,w) is saturated, then there is a filtered Lie Zj-algebra Ly,(G)_1_, en-
p—1
dowed with mutually inverse log and exp maps
exp
LW<G>Z%_|_ ¢ 1Og G

that preserve the respective filtrations.

The following result is likely standard, however the author could not find a
precise reference and thus wrote a proof himself.

A Moy-Prasad-like proposition

The log and exp maps induce isomorphisms of Lie IFp[P] = gr Z,-algebras

oT exp
-

gr Lw<G>Z%+ — @T>ﬁ Lw(G)r/Lw(G)r+ é 1 @T%% Gr/Gr+ =grG.
grlog

Moy-Prasad filtrations

The following setup will be used for the rest of the poster.

Let G be a connected reductive group over a finite extension F'/Q,, where
p > 2. Let T < G be a maximally F-split maximal F'-torus, which we assume
is weakly induced; that is, there is a basis of X*(T") on which the wild inertia
subgroup of Gal(F/F) acts via a permutation action. Let S < T be a maximal
F-split torus, ® = &(S, G) its relative root group. Write G = G(F), T' = T(F),
Uy = Un(F) for oo € @4 the root groups, Z = Z¢(S)(F). Let B(G) denote the
(semisimple) Bruhat-Tits building of G.

For x € B(G) and r > 0, let G, denote the rth term of the Moy-Prasad
filtration, which is the closed subgroup of G' generated by Z, and Uy, 4 4 for all

a € P (see [2. Definition 7.3.3] for details). Write also
Gaz,r—l— — U Gaz,s-

Main theorem on the saturation of G, . . (P.)

7p_1

Corollary about the usual Moy-Prasad isomorphism (P.)

Assume p > 2 and that T is weakly induced. For any x € B(G), there is a

saturated p-valuation on G 1 |, defined by
CC,F—F

p—1

It Is immediate that this is compatible with the lwahori decomposition

U&’x’ l1—i_ 8 Z l1—1_ 8 II Uaaxa £1+ G'ra 114‘
p p p p
aE(I)“‘,Hd

1
w(g) = min {’r > ——1g€ Gxﬂa} .

acd—nd

We note that this generalizes [4, Proposition 3.5], which is a special case of
this result when G is split, x is the barycenter of the dominant base alcove,
and p is sufficiently large (so that G 1 | = G, o4+ IS the pro-p Iwahori), as

Qf,m‘k
observed in [1, Remark 3.5].

The Lie algebra

The Moy-Prasad isomorphism
MPy : @ Gaz,r/Gx,fH— e @ gaz,r/gx,ﬂ—;
1 1

T>Zﬁ T>F
a priori only known to be isomorphism of F,-vector spaces (see (2, Section
13.5] for details), fits into a commutative diagram

MP,
ng:E L. r8rg, 1

7F
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or Ly(G

1 1
:U,p_1+)p_1-|—

and hence is an isomorphism of Lie | P| = gr Zj,-algebras.

The above is a conceptual generalization of much of [1, Section 3], which

only deals with the split case (as in [4]), and proves the analogous result using

a computation-heavy argument that would be hard to generalize.

Example applications

Forr > 0, let G;» be the smooth Op-group scheme associated to z € B(G)
which satisfies Gy »(Op) = G4, as in [2, Section 13.3]. We write

Ox.r = Lie<gx,r>(OF>a
which is a Lie Op-algebra. Then we have the following result.

Theorem on the Lie Z -algebra (P.)

There is a natural isomorphism of filtered Lie Zy-algebras

LG, %+)%+ = gx,ﬁ#

Notably, after making suitable identifications, these wind up being equal as
Lie Z,-subalgebras of the Lie algebra Lie(G)(F).

Taking the associated graded map yields an isomorphism of Lie
Fp| P| = gr Zy-algebras

gf LM(GZE,%#—)Z%—I— — gr ngﬁ_l_a

which combines with the previous proposition to yield the following.

As always, assume p > 2 and T is weakly induced.

As a corollary, we can conclude the following forany x € B(G), which should
be compared to |3, Corollary C.4] in the appendix by Koziol and Schwein:

Group-theoretic consequences

1. G 1
CC,pT1+
2. Forany r > 1, Gz, IS a uniform pro-p group.

3. Forany r > ]%, Grr+1 =199 € Gz}

IS a p-torsion-free pro-p group.

We also get the following as an immediate consequence of [6, Theorem 5.5],
where k is any field of characteristic p, viewed as a trivial representation of

G

1 .
.T,F‘F
Spectral sequence

There is a spectral sequence

rs __ r,Ss r—+s
(oo )0) = (0 )

p

where the E7-page has terms given by graded Lie Fy,-algebra cohomology,

converging to the continuous group cohomology of G N
7p_1
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