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Introduction

In this poster, we briefly discuss some basic concepts involved in the study
of p-adic Lie groups. We generalize a result of Quillen which gives a spectral
sequence computing the group cohomology of G/GP for G a saturated group.
We present a morphism of spectral sequences converging to the inflation map
from G /GP to G, then study its consequences for pro-p lwahori subgroups and
unipotent radicals of parabolic subgroups of p-adic reductive groups.

Definitions and generalities

The following definitions involving p-valuations can be found in [6], and the
definition of a restricted Lie algebra can be found in [3].

Let G be a pro-p group. A p-valuation on G is a functionw : G\ {1} — (0, 00)
satistying for any g, h € G:

L. w(g) > 5o,
2. w(g™h) > min{w(g),w(h)}
3. w(lg, h]) = w(g) +w(h),

We also assume that the subgroups G, ={g € G|w(g) > v} and Gy ={g €
G|w(g) > v} are open in G, and that G has finite rank.

Given a p-valued pro-p group (G, w), one constructs an Fy|r|-Lie algebra

grG = @ Gy/Got,

v>0
where 7 acts via

m(9Got) = 9"Gpi1)4 € Gor1/Glug1)+-
We then get an F)-Lie algebra g of dimension rank(G) via

g=2gG/n(grG).

We say that (G, w) is saturated if
p
w(g) > p— —

If (G, w) is saturated, then

g = h¥ forsome h e G.

GP ={¢"|g € G}

is an open normal subgroup of index p@nNk(&) and G /GP is naturally endowed
with a quotient filtration via w.

An F)-Lie algebra is restricted if it is endowed with a p-mapping g — g, X —
xlrl satisfying forany X,Y € gand t € Fy:

1. ad(XPhy = (adx)P,

2. (1X)) = ¢xI)

3. (X + V)P = xlpl 4 ylrl 4 Z?L.:ll si(X,Y), where i - s;(a,b) is the coefficient
of X'~ 1in (ad(AX + Y))P~L(X).

Given a restricted IF)-Lie algebra g, its restricted universal enveloping algebra

|S
Ures(g) = Ulg)/(XP — XIPI| X € g),

and its restricted Lie algebra cohomology is Hi..(g, —) = H'(Ures(g), —).

The spectral sequences

Let (G,w) be a saturated group. Using a slight generalization of a re-
sult proved by Quillen in [5], one can show that the Lazard Lie algebra
g = grG/m(grGG) is a restricted Lie algebra with zero p-mapping x = o,
One can then produce using a similar argument to that in [1] an E;-spectral
sequence which Day calls the May spectral sequence:

Hro(9,Fp) = H*V/(G/GP,Fy).
By [7], there is also an Eq-spectral sequence
t
HS| (9,Fp) = HSH(Gan)a

C
where His the classical Lie algebra conomology. The inflation map induces
a morphism of spectral sequences

Hrze(g, Fp) == H*'(G/GP,F))

| [

t X
HSf (9,Fp) > H¥(G, Fp)

C
where the maps on the left come from the canonical map

HrZ'GS(ga _) — H(Zj(gv _)

Key examples: pro-p Iwahori and unipotent radical of
parabolic

Let G be a connected reductive group defined over a p-adic field K which
splits over an extension L/ K. Then we have two main pro-p groups of interest:

= Let P < G be a parabolic K-subgroup corresponding to a set J C &7 of
simple roots, U = HQG(I)—k,nd\q)}Land U, < P its unipotent radical. Let xq

denote an absolutely special point in the Bruhat-Tits building for G. We
then seek to consider

- I

+,nd +,nd
aedTNND

Uoz,xo,O < U(K)

= There is a pro-p Sylow subgroup I < G(K) called the pro-p lwahori
subgroup which contains U.

Let e = e(L/Qp) be the absolute ramification index, and let h be the Coxeter
number of G (the height of the highest root plus one).

If p — 1 > he, then both I and U are saturated with respect to a natural p-
valuation w. Thus, UP < U and IP < [ are normal subgroups.

For simplicity, assume G = SL, is defined over Q, and P is the standard Borel,
in which case we are assuming that p — 1 > n, and we can write

1 * 1 *
U = cSln(Zyp) p, I=49€SnZy)|g = : (mod p)
0 1 0 1
We first note that
1 %
0 1

As for I /1P, there is a normal elementary abelian p-subgroup K < I/IP such
that
I/IP = K x Uy (F)),

from which we can produce a natural faithful %(nQ + n)-dimensional
representation over IFy,. For example, if n = 2, this representation
corresponds to an isomorphism I /1P = Us(Fy).

Input from Lie algebra cohomology

One can show that the p-valuation w creates Lazard Lie algebras u and i of U
and I, respectively, which are isomorphic to the Lie algebras coming from the
filtrations on U/UP and I/IP coming from the filtration induced by the lower
central series on these finite groups. Moreover, tensoring these up to IFT, gives
the Lie algebras which come from the algebraic groups U, for U/UP, and Us
for I/IP when n = 2. Using [2, Proposition 3.5}, one can then deduce the
following:

The canonical maps
Hlikes<u7 Fp) — Hél (uv Fp)

are always surjective, and if n = 2, the following canonical map is also surjec-
tive:
HlikeS(ia IFP) — H; (17 Fp)

Example application

Consider either the case of U = Up(Zy) for %(n3 —n) < p or the pro-p
lwahori I < SLo(Zy).

As an example application of these ideas, one can deduce from certain com-
putations performed in [4] and |1] that for each nonzero element on the
FE1-pages of the spectral sequences

HY(WF)) = H*'WUF,) and  HY(1F,) = H(IEF),

Cl Cl
their lifts under the surjective graded canonical maps from restricted Lie
algebra cohomology are killed under every differential in the top spectral
sequence. Thus, an easy inductive argument vields that the maps in our
morphism of spectral sequences are still surjective on the Eso-pages, so
the graded inflation maps

srH*(U/UP F,) — grH*(U,Fp), srH*(1/1P,[F)) — grH™(1,F))
are surjective. In particular, this shows that the (ungraded) inflation maps
H*(U/Uvap) — H*(Uale)v H*(I/]pawp) %H*(IJFP)

are also surjective in our two key cases U = Uy(Zy) for %(n3
I < SLy(Zy) pro-p wahori.

—n) < p, and
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